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Abstrat
The fore ating on a test partile moving around a body that is gravitating and emitting
eletromagneti radiation at the same time is omputed up to the seond order in 1/c, and the
shift of perihelion is found. The total shift is positive (the perihelion moves in the diretion of
partile revolution) and it inreases from zero to innity as the radiation pressure to gravity ratio
inreases from zero to 1. The additional shift aused by the radiation pressure ontains a term
inversely proportional to eentriity, therefore it may dominate over the general relativisti shift
if the orbit is round enough.
Key words: general relativity, osmi dust
1 Introdution
The inuene of the radiation pressure on freely moving bodies, known as the Poynting-Robertson
eet (hereafter PR eet), is supposed to play an important role in the dynamis of dust partiles
in the Solar System. Sine this eet was proposed by Poynting (1903) and Robertson (1937),
radiation-indued orretions to the orbits of dust partiles were inluded on a regular basis into
astronomial alulations (for the review, see Gustafson 1994), and the theory desribing these
orretions has been repeatedly extended (Mediavilla and Buitrago 1989, Kla£ka 1992, Kla£ka
2000). However, one element of the theory is still missing: a reliable formula for the ontribution
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of PR eet to the shift of perihelion of the orbiting partile. This ontribution is of the same
order of magnitude as the gravitationally indued shift of perihelion that has been disovered
by Einstein and belongs to the three lassial tests of general relativity; thus if one wants to
ompute it, one must rst rewrite the theory of PR eet into the general relativisti form. This
has been done in none of the papers dealing with the problem so far (Robertson 1937, Wyatt
and Whipple 1950, Lyttleton 1976).
In this paper we propose a desription of the perihelion motion due to the PR eet that
is based stritly on general relativity theory. (We use the word 'perihelion' in a broad sense,
referring to an orbit around a entral body that may or may not be the Sun.) As a result,
we nd a formula for the advane of perihelion diering from all expressions to be found in
the literature. Our result an be obtained most easily by solving perturbatively the seond
order equation for the trajetory of the partile, however, we follow here a proedure ommon
in astronomial ommunity and use an integral formula in whih the advane of perihelion is
expressed in terms of the perturbative fore.
In setion 2 we ompute the fore to the required order of perturbation theory, in setion 3
we nd the shift of perihelion and in setion 4 we disuss the result. Greek indies run from
0 to 3, latin indies run from 1 to 3, the signature of the metri tensor is (+, -, -, -), and the
system of units is used in whih m = c = rg = 1, where m is the mass of the test partile and
rg is the gravitational radius of the entral body given in terms of the mass of the body M by
the standard formula rg = 2GM/c
2
. Having put c = 1 we have not given up the possibility to
expand the quantities of interest in orders 1/c: if v is a typial veloity of the partile and r is
a typial radial oordinate, the nth order in 1/c means the nth order in v or in r−1/2. Note,
however, that this rule applies only to the quantities that are dimensionless in ordinary units;
partiularly, the Newtonian gravitational fore, whose magnitude is 1/(2r2) in our units, is of
ourse of order 1 and not 1/c4.
2 The fore up to the order 1/c2
Let us rst alulate separately the fore oming from the PR eet in at spaetime and the
general relativisti orretion to the Newtonian fore. Consider a partile in at spaetime passing
by a pointlike isotropi soure of radiation with the luminosity L. If the distane of the partile
from the soure is r, the 4-veloity of the partile is uµ and the ross setion of the partile is A,
the 4-vetor of fore ating on the partile is (Robertson 1937)
FµPR =
β
2r2
w(lµ − wuµ), (1)
2
where β is the radition pressure to gravity ratio,
β =
AL
2pi
, (2)
lµ is a 4-omponent quantity (not a 4-vetor) proportional to the wave 4-vetor kµ = (ω,k)
whose time omponent is equal to 1, lµ = kµ/ω, and w = u . l. Denote the radius vetor of the
partile x and the veloity of the partile v. The quantities uµ, lµ and w may be written as
uµ = (γ, γv), lµ = (1,n) and w = γ(1−vR), where γ is Lorentz fator, γ = (1−v
2)−1/2, n is the
unit vetor in the diretion of the vetor x, n = x/r, and vR is the radial veloity, vR = v . n.
Thus the 3-spae part of the 4-fore FµPR is
FPR =
β
2r2
γ(1− vR)[n− γ
2(1 − vR)v].
If a 4-fore is orthogonal to the 4-veloity, u . F = 0, whih is obviously true for FµPR, its
omponents may be written as F 0 = γγ˙ and F = γ(γv)˙, where the dot denotes the derivative
with respet to time, and F 0 may be expressed in terms of F as F 0 = v . F . Putting these
equations together, one nds after a little algebra that the nonrelativisti fore (the fore of the
seond Newton law) is
f ≡ v˙ = γ−2[F − (v . F )v].
This expression is valid no matter how many fores at on the partile, provided the 4-fore we
are interested in is orthogonal to the 4-veloity. If we insert here the fore FPR we obtain
fPR =
β
2r2
γ−1(1 − vR)(n− v),
and by expanding this formula in 1/c we nd that in the zeroth order the fore is equal to −βfN ,
where fN is the Newtonian fore,
fN = −
n
2r2
, (3)
and that the full fore up to the seond order in 1/c is
fPR
.
= −βfN +∆fPR, ∆fPR ≡ −
β
2r2
[(
vR +
1
2
v2
)
n+ (1 − vR)v
]
. (4)
Consider now a nonrelativisti partile moving freely in a weak spherially symmetri gravi-
tational eld. Our starting point will be Shwarzshild metri in isotropi oordinates,
ds2 ≡ gµνdx
µdxν = Fdt2 −Gdx2, (5)
where F and G are funtions of r that are up to the neessary order in 1/c of the form
F
.
= 1−
1
r
+
1
2r2
, G
.
= 1 +
1
r
. (6)
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The motion of a free partile is governed by the geodesi equation
Duµ
ds
≡
duµ
ds
+ Γµνκu
νuκ = 0 (7)
with the 3-spae part
du
ds
= Fg, F
i
g = −Γ
i
00(u
0)2 − 2Γi0ju
0uj − Γijku
juk, (8)
where Γ's are oeients of ane onnetion dened in terms of metri tensor in the standard
way,
Γλµν =
1
2
gλ̺
(
∂g̺µ
∂xν
+
∂g̺ν
∂xµ
−
∂gµν
∂x̺
)
, gµνgν̺ = δ
µ
̺ .
If we insert here the metri tensor gµν = diag(F,−G,−G,−G), we nd that the nonzero Γ's
evaluated to the neessary order in 1/c are
Γi00
.
=
1
2r2
(
1−
2
r
)
ni, Γijk = −
1
2r2
[δijn
k + δikn
j
− δjkn
i],
whih yields
Fg
.
= −(u0)2
1
2r2
[(
1 + v2 −
2
r
)
n− 2vRv
]
.
On the other hand, sine
u0 ≡
dt
ds
=
(
gµν
dxµ
dt
dxν
dt
)
−1/2
.
= 1 +
1
2
v2 +
1
2r
,
we have
du
ds
= u0(u0v)˙
.
= (u0)2
[
v˙ +
(
vv˙ −
1
2r2
vR
)
v
]
= (u0)2
[
f + (v . f)v −
1
2r2
vRv
]
.
We now identify the fore f in the rst term in square brakets with the fore fg, replae the
fore f in the seond term in square brakets by the fore fg in the zeroth approximation, that
means by the Newtonian fore (3), and put the expression obtained in this way equal to the fore
Fg omputed earlier. As a result we nd
fg
.
= fN +∆fg, ∆fg ≡ −
1
2r2
[(
v2 −
2
r
)
n− 4vRv
]
. (9)
Note that the same fore is obtained from the approximative Lagrangian of a system of gravitating
partiles valid up to the fourth order in 1/c (Landau and Lifshitz 1975).
After these preliminary onsiderations we are ready to derive the expression for the fore
responsible for PR eet in Shwarzshild metri up to the seond order of 1/c. Equation of
motion of the partile is
Duµ
ds
= ΦµPR, (10)
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where ΦµPR is the 4-fore responsible for the PR eet in urved spaetime. (For later purposes
we denote this 4-vetor dierently than in at spaetime, although its physial meaning is the
same.) In at spaetime, the 4-fore responsible for the PR eet is in general of the form
FµPR = AUw(l
µ
− wuµ),
where U is the energy density of the radiation. To see that this expression transforms properly
under Lorentz transformation note that the noninvariant fator 1/ω appearing in w and lµ anels
out sine U is proportional to ω2. The PR eet involves the sale of dust partiles that is, say, 1
mm, and the atomi sale entering the onsiderations if the interation of radiation with matter
is desribed by some kind of mirosopi theory; and sine both sales are muh smaller than
the radius of urvature in the neighbouhood of a body with Sun's mass, whih is about 0.1 ly at
the Earth-Sun distane, we may pass from speial to general relativisti formula in the simplest
possible way, using the rule "ηµν goes to gµν and omma goes to semiolon". Possible orretions
ontain the urvature tensor, thus are of the order of the ratio of a typial sale of the problem
to the radius of urvature. Consequently, the expression for FµPR is valid also for Φ
µ
PR, and one
has just to replae Minkowski metri in the denition of w and in the ondition that the 4-vetor
kµ (appearing in the denition of lµ) is a null vetor, by the metri of urved spaetime.
In the problem we are interested in the soure of radiation is a spherially symmetri stati
body with the mass M radiating isotropially with the luminosity (total energy transported
trough a losed surfae in innity per 1 se) L. To obtain the expression for U , introdue loal
inertial observers that are at the given moment at rest with respet to observers at innity.
The time intervals measured by these observers are ∆τ = F 1/2∆t, whih implies, rst, that
ωLIS = F
−1/2ω and ULIS = F
−1U , and seond, that the energy of photons is saled by a
fator F−1/2 and time intervals between the photons are saled by a fator F 1/2 with respet
to the orresponding quantities measured by the observers in innity, thus the total energy
Lr transported through the sphere with the radius r per 1 se is F
−1L. On the other hand,
Lr = ULIS× the area of sphere = 4piULISGr
2
, hene
L = 4piFULISGr
2 = 4piUGr2.
If one expresses U from here, inserts it into the expression of 4-fore and uses the denition of
β, one arrives at
ΦµPR =
β
2Gr2
w(lµ − wuµ). (11)
We have obtained an expression that is the same as in at spae, exept for the fator G in the
denominator. Note that the Shwarzshild radial oordinate equalsG1/2r so that in Shwarzshild
oordinates both expressions oinide.
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Now we have to nd the 3-spae part of the 4-fore ΦµPR up to the seond order in 1/c, and
insert the result into the approximative form of the 3-spae part of the equation of motion. From
the denition of w and lµ with the general relativisti salar produt a . b = gµνa
µbν , using the
metri tensor of equation (5) we obtain lµ = (1, (F/G)1/2n) and w = u0[F − (FG)1/2vR], so that
l
.
= (1− 1/r)n, w
.
= u0(1 − vR − 1/r)
.
= (u0)2[1− vR − v
2/2− 3/(2r)], and
ΦPR =
β
2Gr2
w
(
l− u0wv
) .
= (u0)2
β
2r2
[(
1− vR −
1
2
v2 −
7
2r
)
n− (1− 2vR)v
]
.
The 3-spae part of the equation of motion is
du
ds
= Fg +ΦPR, (12)
and if we express the left hand side in the same way as earlier, we nd
f
.
= fg + (u
0)−2ΦPR − (v . f
(0)
PR)v,
where f
(0)
PR is the fore responsible for the PR eet in the zeroth approximation, f
(0)
PR = −βfN .
Finally, inserting here the approximative expression for ΦPR and denoting b = 1− β, we obtain
f
.
= bfN +∆fg +∆fPR + δf , δf = −
7β
4r3
n. (13)
Thus the total fore onsists of a modied Newtonian fore bfN orresponding to the eetive
mass of the soure Meff = bM , the orretion to the gravitational fore ∆fg given in equation
(9), the orretion to the fore responsible for PR eet ∆fPR given in equation (4), and an
additional fore δf .
3 Perihelion motion
Consider a partile moving on a bounded orbit under the ombined ation of Newtonian gravita-
tional fore of a pointlike soure with the mass Meff and a small perturbing fore ating in the
plane of motion. In the rst order in perturbing fore, the perihelion shifts during one period by
the angle
∆φ =
∫ 2π
0
2
be
(
−Rc+ Ts
2 + ec
1 + ec
)
r2dφ, (14)
where R and T are the radial and transversal omponents of the perturbative fore, c = cosφ,
s = sinφ and e is the eentriity of the unperturbed orbit (an ellipse with one fous plaed at the
soure). After inserting the expressions for R and T one has to replae the funtions r, vR and
vT (the transversal omponent of veloity) by the limit form they assume for the unperturbed
orbit,
r =
p
1 + ec
, vR =
√
b
2p
es, vT =
√
b
2p
(1 + ec), (15)
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where p is the parameter of the unperturbed orbit. The parameter and the eentriity of the
unperturbed orbit are dened in terms of the energy E and the angular momentum L of the
partile as
p =
2
b
L2, e =
√
1 +
8
b2
EL2. (16)
A simple argument leading to the formula (14) is given in Burns (1976). Let us summarize
this argument in a slightly modied form, with the time dependene of all quantities replaed
by the dependene on the angular oordinate. One starts with the Ansatz that the partile is
plaed at the osulating orbit
r =
p(φ)
1 + e(φ)cˆ
, (17)
where cˆ = cos[φ−ω(φ)] with the funtion ω(φ) to be determined, and p(φ) and e(φ) are so alled
osulating elements given by relations (16) with the onstant energy and angular momentum of
the unperturbed orbit replaed by the variable energy and angular momentum of the perturbed
orbit, E → E(φ) and L → L(φ). To determine ω one postulates that an 'inomplete total
derivative' of r with respet to φ, dened as the sum of all terms entering the total derivative
exept for the partial derivative with respet to φ at given p, e and ω, is zero,
d′r
dφ
≡
∂r
∂p
dp
dφ
+
∂r
∂e
de
dφ
+
∂r
∂ω
dω
dφ
= 0. (18)
If one puts ∆φ = ω(2pi)−ω(0), one an verify by a straightforward omputation that this Ansatz
gives in the rst order in perturbing fore the right equation for ∆φ. This is of ourse not an
aident. In fat, from the denition of energy and angular momentum it an be seen that the
Ansatz (17) and (18) provides the exat solution to the problem. Consequently, the expression
of the angle ∆φ in the form (14), with the funtions r, vR and vT given in (15), is valid to all
orders of perturbation theory if one regards the quantities p and e as funtions of φ and replaes
c→ cˆ and s→ sˆ ≡ sin[φ− ω(φ)].
An appropriate referene value for the angle ∆φ is the general relativisti shift of perihelion
in the eld generated by a soure with the mass Meff ,
∆φE =
3pib
2L2
(19)
('E' stands for 'Einstein'). If we express the angular momentum L in terms of the major semiaxis
a and the eentriity e and pass to the ordinary units, this redues to the standard formula
∆φE =
3pirg
a(1− e2)
. (20)
To obtain ∆φ for perturbative fores of the type v2/r2 or 1/r2 it is suient to do alulations
in the rst order of perturbation theory. If the fore is of the form
∆f =
1
r2
(
Av2n+BvRv + C
n
r
)
7
we obtain
∆φ
.
= −
2
3
(
A−B +
1
b
C
)
. (21)
On the other hand, for the fore of the form v/r2 the seond order of the perturbation theory is
needed. If the fore is of the form
∆f =
1
r2
(AvRn+ Bv) ,
using the relations
E˙ = vRR+ vTT, L˙ = rT, r
2φ˙ = L,
and the expression of e in terms of E and L we nd
dL
dφ
= B,
de
dφ
.
=
1
L
[2Bc+ e(As2 + 2B)],
hene
∆L = Bφ, ∆e
.
=
1
L
[
2Bs+ e
(
1
2
A+ 2B
)
φ−
1
4
eAS
]
,
where S = sin(2φ). The derivative of ω is approximately equal to the integrand of (14), whih
in our ase leads to
dω
dφ
.
= −
1
L
(
Ac−
2
e
B
)
s,
thus the inrement of ω is
∆ω
.
=
1
L
[
1
4
A(C − 1)−
2
e
B(c− 1)
]
,
where C = cos(2φ). Now we insert these inrements into
∆φ = −
∫ 2π
0
1
L(φ)
[
Acˆ−
2
e(φ)
B
]
sˆdφ
.
=
1
L
∫ 2π
0
[(
Ac−
2
e
B
)
s
∆L
L
−
2
e2
Bs∆e+
(
AC −
2
e
Bc
)
∆ω
]
dφ,
and we nd
∆φ
.
=
8
3b
[
1
16
A (A− 2B) +
1
e
B
(
1
2
A+ 3B
)]
∆φE . (22)
Using (21) and (22) we obtain shifts of perihelion due to the three parts of the perturbative fore
in (13)
∆φg =
(
5
3
−
2
3b
)
∆φE , ∆φPR = β
[
1
2
+
β
3b
(
−
1
8
+
7
e
)]
∆φE , δφ =
7β
6b
∆φE ,
and summing them up we nd the total shift of perihelion
∆φ =
1
b
[
1 +
1
3
β2
(
−
13
8
+
7
e
)]
∆φE . (23)
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4 Conlusion
As we have seen, when desribing the perihelion motion due to the PR eet one has to perform
the expansion to the required order of 1/c in the general relativisti formulation of the full
theory, rather than put together the eets of gravity and radiation pressure omputed to the
required order in general relativity without radiation, and in Maxwell theory without gravity.
The additional fore we have obtained may be regarded as a sort of interferene term desribing
the mixing between the eets of gravity and radiation pressure. This is lear from the very fat
that this fore belongs neither to the purely gravitational not to the purely radiational part of
the total fore, but we an see the point also expliitly if we insert into the expression of the
additional fore from the denition of β and rewrite the resulting expression into ordinary units.
We arrive at
δf = −
7GMAL
4pic3r3
n,
so that the additional fore depends on both harateristis of the entral body relevant for the
problem: on the mass M haraterizing the body as the soure of gravitational fore, as well as
on the luminosity L haraterizing the body as the soure radiation.
The expression for the advane of perihelion is inversely proportional to b ≡ 1 − β, thus it
diverges as β approahes 1. Of ourse, our formula annot be used for values of β arbitrarily lose
to this limit. The perturbation theory breaks down when the dominant term in the perturbative
fore, linear in veloity and independent on b, beomes of the same order of magnitude as the
zeroth order fore proportional to b. This leads, in ordinary units, to the ondition b ≫ v/c,
whih means that if a partile is orbiting around the Sun with Earth's veloity, its parameter β
must dier from 1 by a value muh greater than 10−4.
A subtle point of the omputation is that one has to evaluate the ontribution of the perturba-
tive fore linear in veloity in the next-to-leading order. The net eet is that a term proportional
to 1/e appears in the result, whih means that the shift of perihelion aused by the PR eet
dominates over the general relativisti shift for orbits that are suiently round. Again, there
is a limit to the appliability of our formula. The alulation within the perturbation theory is
no longer possible if the term in question assumes a value of lower order in 1/c than other terms
oming from the PR eet, that means if the expression β2/e beomes omparable with βr1/2.
This leads to the ondition e≫ βr−1/2, or in ordinary units
e≫ β
√
rg
r
.
If a partile has the size of order 1 mm, whih means that its β is of order 10−3, and if it revolves
around the Sun at the distane of Earth, our formula is valid for eentriities ranging from 1
9
down to the values of order 10−7, beoming a rough estimate at the lower limit. The behaviour
of orbits with even lower eentriity has been investigated by Kla£ka and Kaufmannová (1992).
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